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Using Nonparametric Conditional Distributions To Visualise Low-Income Mobility
Antonio Fernandez-Morales'

Abstract

This article introduces a graphical tool that can be very useful for income mobility analysis based on panel
data. It is inspired in the concept behind transition matrices but uses nonparametric kernel estimation of the
conditional distributions of income to allow the continuous treatment of the income variables. The resulting
tool is very flexible, since it is possible to apply several degrees of resolution by varying the number of curves
plotted and to add reference lines to locate particular initial incomes, like poverty lines. Thus, the
methodology of this paper permits obtaining a visual representation of the mobility of the whole distribution
that does not depend on particular mobility indexes, and facilitates focusing on specific parts of the
distribution, especially within the low-income population. The method is illustrated with an application to four
countries from the EU-SILC panel database, two Mediterranean and two Scandinavian, revealing differences
in the probabilities of escaping poverty and the mobility in the lower tail of the distribution of income.
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1. Introduction

The increasing availability of income panel data sets is allowing a growing number of applied investigations of
income mobility to be carried out. However, certain dynamic aspects of income distribution are not easy to capture
with the traditional approach of estimating single mobility indexes. On the other hand, the transition matrix approach
attempts to describe the movements and direction of changes in the distribution by dividing the population into
classes, and obtaining conditional probabilities of moving to every income class depending on the initial class.
However, the discrete nature of the transition matrix is a serious limitation that conditions the results to the number
and definition of classes, and loses information, especially when the number of classes is small.

Although challenging, the graphical analysis of income mobility may provide helpful tools to better
understand income mobility processes and complement available measures (van Kerm, 2009), and sometimes could
be more effective than tabular presentations (Jantti and Jenkins, 2013). Some recent examples include the transition
probability plot (van Kerm 2011), mobility profiles (Jenkins and van Kerm, 2011), the mobility curve (Foster and
Rothbaum, 2012) or the mobility probability curve (Cheong and Wu, 2014). Specifically, this paper proposes a
graphical instrument that attempts to generate a representation of the mobility process between two periods using a
continuous approach. It is inspired in the transition probability colour plot by van Kerm (2011), which is a visual
representation of the transition matrix. The methodology proposed in this paper also adopts a squared plot region
with both axes (0, 1) denoting initial and final population fractiles, but introduces a set of conditional distribution
functions, which are obtained using bivariate kernel density estimations as in Trede (1998).

The paper is structured as follows: the proposed methodology is presented in section 2. Section 3 provides an
empirical application to four countries from the EU-SILC panel database. A brief conclusion follows.
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2. Methodology

The graphical representation proposed in this paper is inspired in the transition matrix in such a way that the
vertical coordinates are related to the initial distribution of income, and the horizontal coordinates are related to the
conditional distribution of incomes in the final period. Denote the joint distribution function of Yo and Y1 by F(yo, y1),
where Y1 represents the income in the final period and Y, the income in the initial period. We will assume that the
bivariate density of Yo and Y4, f(yo, y1), exists. The distribution function of final income conditional on initial income
Yo is
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Letting po=Fo(yo), which is placed on the vertical axis, the inverse F¢1(po) gives the poquantile of the
distribution of initial incomes. For a fixed value of Y:=yi, the function F(y: | Fo1(po)) gives the probability that Y is
less than or equal to y; in the final period, conditioned on the poquantile of the initial distribution of incomes. The
values given by this function to every po are used as horizontal coordinates to plot the curve of conditional
probabilities corresponding to the chosen y;.

To generate a relatively simple two-dimensional plot, a finite set of values for Y; must be specified in order to
plot a curve for every Y1 in the set. As our focus is on the lower tail of the income distribution, a vector of fractions
of the median, Mey, (e.g. 0.1Me, 0.2Mey, ..., 0.6Mey, ...), seems to be an adequate choice. This set includes the
standard relative poverty line, 60% of the median income, but also alternative poverty thresholds, such as 40%, 50%,
or even 70% of the median, like those provided by Eurostat in their at-risk-of-poverty rates (ARPR).

The functions F(y1] yo) and Fo(yo) are needed to produce the two-dimensional plot described above. Like in
Trede (1998), in this paper we will opt for a nonparametric kernel estimation of these functions. Kernel density
estimation is widely used in income distribution studies (Jenkins 1995, Trede, 1998, Pittau and Zelli, 2004, 2006,
Cheong and Wu, 2014). The approach followed is the same as in Trede (1998), although we introduce sample weights.

Let (Yo, Y1), i=1, 2, ..., n, be the sample incomes of n individuals in periods 0 and 1, and w1, Wy, ..., W, their
corresponding weights, which are normalised so they add up to 1. Assuming a multiplicative kernel for simplicity,
according to Trede (1998), an estimator for F(y: | yo) can be obtained using a bivariate kernel density estimator
(weighted in our case) in expression (1):
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where the kernel function is denoted by K(-), its cumulative distribution by G(-), ¥ , and
the respective bandwidths by hy and hi. In addition, the estimator of Fo(yo) is based on the denominator of (3). The
kernel function chosen for the application in section 3 is the bivariate normal with Silverman’s optimal bandwidths.

Finally, the nonparametric estimation of the function Fo(yo) is numerically inverted to generate the pairs ( F(y:
| FLo(po)) , po) that constitute the curves associated to each value of Yi. Thus, the proposed graphical instrument
consists of a series of curves representing the nonparametric estimations of the conditional distributions of F(y: | Fo-
1(po)) for a set of fixed values of Yi.
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For a given value y;, each point of its corresponding curve indicates in the abscissa the estimated probability
of a final income not greater than y;, conditional to an initial income yo = Fg-1(po), where po is the ordinate. In this type
of graphical representation, the extreme situation consisting of a distribution of incomes in the final period
independently of the initial distribution of incomes will result in a series of vertical lines. In contrast, the case of
complete rigidity, where all the individuals have the same income in the initial and final periods, will generate a set of
horizontal discontinuities to vertical segments starting at (0,1) and ending at (1,0). In general, the position, slope and
distance between the curves in every region of the graphical representation may provide useful indications about
income mobility.

3. An application to four European countries from the EU-SILC panel database

In order to provide an empirical illustration of the proposed graphical tool to visualise low-income mobility,
two countries from Southern Europe, Italy and Spain, and two northern ones, Finland and Sweden, have been
selected from the EU-SILC database. The analysis carried out in this paper is based on two consecutive years of the
longitudinal EU-SILC files (UDB 2009-2 from 01/03/12), establishing the initial period, t=0, in 2008 and the final
one, t=1, in 2009. It is worth mentioning that there are important methodological differences among national sources
in the EU-SILC database. Particularly, concerning our example, Italian and Spanish data are obtained by means of
surveys, while Finnish and Swedish ones come form register sources. Therefore, part of the differences in income
mobility found in the results may be attributable to this circumstance.

The income variable consists of the equivalised disposable household income, which is defined as the
aggregate across all adult household members of all money income receipts during the reference period, with direct
tax payments deducted from the total, adjusted with the modified OECD equivalence scale.

The results are shown in Figure 1. A set of 30 values of Y; has been defined for each country (0.1 Mey, 0.2
Mey, ..., 3 Mey). Slightly bold lines are used to represent the curves corresponding to Mei, 2Me; and 3Me; in order to
facilitate the interpretation. Due to the importance of the 0.6 Me: and 0.4 Me: poverty lines, their curves are plotted
using dashed lines. Moreover, two horizontal reference lines (dotted) have been added to each graphic to indicate the
position of the ARPR poverty rates with two different poverty lines, 60% and 40% of the median at the initial period,
i.e. ARPR(0.6) = Fo(0.6Meg) and ARPR(0.4)=Fo(0.4Me).

The image of low-income mobility appearing in Figure 1 shows some interesting differences between the
Mediterranean and the northern countries. Firstly, both Spain and Italy have an initial ARPR(0.6) near 0.2 (consistent
with the results of previous research, like Ferndndez-Morales ¢t al., 2013), while this indicator is significantly lower for
Finland and Sweden at below 0.13 (the same difference occurs for the initial ARPRg(0.4)). Moreover, curves Y1=0.6
Me: and Y1=0.4 Me; appear farther left on the graphic in Finland and Sweden than in Spain and Italy, thus indicating,
in general, that the former countries have lower probabilities than the latter countries of being under the
corresponding poverty line in the second year for the same initial position in the distribution of income at least for the
region over po=0.1. However, in the lowest part of the graphic, especially for the initial 5% poorer population, these
curves for Finland and Sweden become more horizontal, revealing less mobility and greater probabilities in the case of
Sweden of being under the mentioned poverty lines in the second year than the corresponding estimated values for
Spain and Italy.

In addition, looking at curve Y1=0.4 Me; we can see that for initial incomes around the standard poverty line,
0.6 Mey, the greatest probability of falling under the deeper 0.4Me1 poverty line in the following year (the abscissa of
the intersection between the reference line Fo(0.6Meg) and the curve 0.4Me;) corresponds to Spain, followed by Italy,
and the smallest one to Sweden. On the contrary, for those individuals with initial incomes around 0.4Me,, the
greatest probability of escaping this poverty threshold corresponds to Finland. In this case, however, the smallest
probability is found in Sweden, according to the lower degree of mobility observed in the lower percentage of
population below the 0.4 Mey poverty line in this country.
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Figure 1. Conditional distributions of equivalised household income, 2008-2009: Spain, Italy, Finland and Sweden.
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4. Conclusion

The graphical instrument introduced in this article, which depicts income mobility between two periods
through the estimated conditional distribution of income in the second period, may constitute a very useful tool for
the analysis of income mobility. The estimation of the initial and the conditional distribution of incomes is performed
using bivariate kernel density estimation, thus allowing the continuous treatment of the variable. The resulting tool is
very flexible, since it is possible to apply several degrees of resolution by varying the number of curves (30 curves are
plotted in the examples) and to add reference lines to locate particular initial incomes.

The examples that illustrate the use of the proposed graphical tool indicate that, in general, there were higher
probabilities of escaping poverty in Finland and Sweden than in Spain and Italy in the observed period (2008-2009),
thus implying lower mobility out of poverty in the latter countries. However, when focusing on the very low tail of the
income distribution, Sweden exhibits the lowest probability of escaping poverty, which is indicative of a low level of
mobility for this part of the distribution. Therefore, the methodology of this paper permits obtaining a visual
representation of the mobility of the whole distribution that does not depend on particular mobility indexes, and
facilitates focusing on specific parts of the distribution, especially within the low-income population.
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